In this paper, we present sharp bounds for the Zagreb indices, Harary index and hyperWiener index of graphs with a given matching number, and we also completely determine the extremal graphs.
Introduction
Let G = (V , E) be a graph with the vertex set V (G) and the edge set E(G). We denote by d(u, v) and deg (u) , the shortest distance between vertices u and v and the degree of the vertex v, respectively.
One of the oldest graph invariants is the first Zagreb index, which was formally introduced by Gutman and Trinajstić in [1, 2] . It is denoted by M 1 and defined as the sum of squares of the vertex degrees,
The second Zagreb index [3] is defined as follows (G) 
deg(u)deg(v).
For the survey on theory and applications of Zagreb indices see [4, 5] .
is the most studied topological index from application and theoretical viewpoints [6] . The hyper-Wiener index is one of the recently introduced distance-based molecular structure descriptors [7] , WW (G) = The Harary index is defined as the half sum of the elements in the reciprocal distance matrix (also called the Harary matrix) [8] 
.
The name Harary index has been given in honor to the late Frank Harary on the occasion of his 70th birthday. There was a vast research concerning the Zagreb indices and Wiener index with its modifications [9] . In [10, 11] , the authors studied the Zagreb indices and hyper-Wiener index of graphs with given connectivity. Das et al. [12] presented new upper and lower bounds for the Zagreb indices. In [13] some formulas on the hyper-Wiener index of graph operations were determined. Liu et al. [14] determined the seven smallest hyper-Wiener index of trees. Zhou and Gutman [15] obtained some relations between Wiener, hyper-Wiener and Zagreb indices. The Harary index rapidly gained popularity and the chemical applications and mathematical properties of Harary index were stated in [16, 17] .
The matching number β(G) of the graph G is the number of edges in a maximum matching. Obviously, β(G) = 0 if and only if G is an empty graph. For a connected graph G with n ≥ 2 vertices, β(G) = 1 if and only if G = S n or G = K 3 , where S n is the star on n vertices. If β(G) = n 2 , the graph has a perfect matching. A component of a graph is said to be even (respectively odd) if it has an even (respectively odd) number of vertices. Let G be a graph with n vertices and o(G) be the number of odd components of G. By the Tutte-Berge formula (see [18] ), we have
(1)
The vertex-disjoint union of the graphs G and H is denoted by G ∪ H. Let G ∨ H be the graph obtained from G ∪ H by adding all possible edges from vertices of G to vertices of H, i.e.,
Since the addition of new edges in the graph increases some vertex degrees and decreases some distances, we have
In [19] the authors examined the extremal graphs with maximal spectral radius among graphs of order n with matching number β. Zhou and Trinajstić [20] determined the minimum Kirchhoff index of connected graphs in terms of the number of vertices and matching number.
In this paper, we establish sharp upper bounds for the Zagreb indices, sharp upper bound for the Harary index and sharp lower bound for the hyper-Wiener index of graphs with a given matching number. Furthermore, the extremal graphs are determined completely.
Zagreb indices Theorem 2.1. Let G be a connected graph with n ≥ 4 vertices and matching number
There holds
2 , with equality if and only if G ∼ = K n ;
with equality if and only if
G ∼ = K 1 (K 2β−1 ∪ K n−2β ); (3) if β = b, then M 1 (G) ≤ bn 2 + b 2 n − 2bn − b 3 + b = n 2 − n + 8b 3 − 12b 2 + 4b,
G ∼ = K β K n−β or G ∼ = K 1 (K 2β−1 ∪ K n−2β ); (4) if 2 ≤ β < b, then M 1 (G) ≤ βn 2 + β 2 n − 2βn − β 3 + β
, with equality if and only if
Proof. Let G 0 be a graph having maximum Zagreb index among all connected graphs with n vertices and matching number β. According to Tutte-Berge formula (1), there is a vertex subset
, and if t = 1, then β = n−1 2 .
In both cases, we have by Lemma 1.
Assume in the following that s ≥ 1, and consequently t ≥ 1. Let G 1 , G 2 , . . . , G t be all odd components of G 0 − X 0 . If G 0 − X 0 has an even component, then by adding an edge in G 0 between a vertex of an even component and a vertex of an odd component of G 0 − X 0 , we obtain a graph G, Similarly, G 1 , G 2 , . . . , G t and the subgraph induced by X 0 are all complete, and any vertex of
Then we have
. By repeating this process, we find M 1 (G 0 ) attains maximum if and only if n 1 = n 2 = · · · = n t−1 = 1 and n t = n − s − t + 1 = 2β − 2s + 1.
It follows that
Since t − s = n − 2β ≥ s + t − 2β, it follows that s ≤ β. By taking derivatives, we have
It follows that h(s) is strictly convex function for s ≤ β, and the maximum is attained for s = 1 or s = β.
After subtraction, we get
Let b be a larger root of the quadratic equation 9β
Finally, for β > b we have h(1) > h(β), while for β < b we have h(β) > h (1) . This completes the proof.
Theorem 2.2. Let G be a connected graph with n ≥ 4 vertices and matching number
. Let c be the largest root of cubic equation
with equality if and only if G
∼ = K n ; (2) if c < β ≤ n 2 − 1, then M 2 (G) ≤ n 2 + 4nβ 2 − 6nβ − 20β 3 + 8β 4 + 14β 2 − β
, with equality if and only if
G ∼ = K 1 (K 2β−1 ∪ K n−2β ); (3) if β = c, then M 2 (G) ≤ n 2 + 4nc 2 − 6nc − 20c 3 + 8c 4 + 14c 2 − c = 1 2 c(n − 1) 1 − c − 2c 2 − n + 3cn ,
with equality if and only if G
∼ = K β K n−β or G ∼ = K 1 (K 2β−1 ∪ K n−2β ); (4) if 2 ≤ β < c, then M 2 (G) ≤ 1 2 β(n − 1) 1 − β − 2β 2 − n + 3βn ,
Proof. Let G 0 be a graph having the maximum second Zagreb index among all connected graphs with n vertices and matching number β. By similar discussion and using the same notation as in the proof of Theorem 2.1, suppose s ≥ 1, we have
Therefore, M 2 (G 0 ) attains maximum if and only if n 1 = n 2 = · · · = n t−1 = 1 and n t = n − s − t + 1 = 2β − 2s + 1. It follows that
We can consider the last expression as a function F (s). The second derivative of F (s) equals
Bear in mind that 1 ≤ s ≤ β ≤ n 2 and the following inequalities,
Finally, we get that F (s) is strictly convex function and the maximum value of F (s) is achieved for s = 1 or s = β.
2 . It is easy to see that
For n ≥ 11, the three roots of G(x) = 0 lie in the intervals (− 
Proof. Let G 0 be a graph having minimum hyper-Wiener index among all connected graphs with n vertices and matching number β. By similar discussion and using the same notation as in the proof of Theorem 2.1, for s ≥ 1 we have
Note that the diameter of G 0 is 2, and consequently
The maximum value of
is attained if and only if n 1 = n 2 = · · · = n t−1 = 1 and n t = n − s − t + 1 = 2β − 2s + 1.
It follows that
Thus, from the Eq. (2), we have
Obviously, as a function of s, the maximum value of g(s) = 3s
, then g(β) ≤ g (1) . This completes the proof. Proof. Let G 0 be a graph having the maximum Harary index among all connected graphs with n vertices and matching number β. By similar discussion and using the same notation as in the proof of Theorem 2.1, suppose s ≥ 1, we have
Because the diameter of G 0 is 2, we have
The rest of the proof is similar to that in Theorem 3.1, so we omit the details.
